We study a quantum impurity possessing both translational and internal rotational degrees of freedom interacting with a bosonic bath. Such a system corresponds to a 'rotating polaron', which can be used to model, e.g., a rotating molecule immersed in an ultracold Bose gas or superfluid Helium. We derive the Hamiltonian of the rotating polaron and study its spectrum in the weak-and strong-coupling regimes using a combination of variational, diagrammatic, and mean-field approaches. We reveal how the coupling between linear and angular momenta affects stable quasiparticle states, and demonstrate that internal rotation leads to an enhanced self-localization in the translational degrees of freedom.
I. INTRODUCTION
Since the seminal papers of Landau and Pekar [1, 2] , the polaron became one of the most studied models in condensedmatter physics. The polaron has been initially introduced as a quasiparticle consisting of an electron dressed by lattice excitations in a crystal, and can, in general, be considered as an elementary building block of complex condensed-matter systems. Over the years, polaron models have been adapted to several different context, and nowadays are used to describe more general classes of impurities interacting with a quantum many-particle bath [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In the conventional polaron problem, the impurity is considered as a structureless particle, such as an electron. However, there are several systems where additional internal degrees of freedom of the impurity cannot be neglected. A well-known example is molecules immersed in superfluid helium droplets, which have been used as a tool of molecular spectroscopy for over two decades, see e.g. Refs. [15] [16] [17] and references therein. Although impurities with "simple" internal structure (e.g. spin−1/2) have been actively studied since the works of Anderson and Kondo [18, 19] , more complex degrees of freedom, such as rotational states of molecules, have not received as much attention from the community of condensed-matter physicists. Here, inspired by the recent advances in the polaron theory [20] [21] [22] [23] [24] [25] [26] [27] as well as by the recently introduced angulon quasiparticle (a quantum rotor dressed by a manybody field) [17, 28, 29] , we establish a theory for the hybrid between the two species -the 'rotating polaron' or 'moving angulon'. More specifically, we consider rotating impurities, such as molecules, immersed in a many-particle bosonic bath, and study stable and metastable states of the resulting quasiparticles.
The paper is organized as follows. In Sec. II, we derive the Hamiltonian for a rotating polaron from first principles, and demonstrate the corresponding limits for the Fröhlich polaron as well as the angulon Hamiltonians. In Sec. III, we obtain the spectrum of the rotating polaron in the weak-coupling regime using a variational approach taking into account singlephonon excitations. In Sec. IV we study the system in the strong-coupling regime using a Pekar-type ansatz, and discuss the self-localization transition in the rotating polaron. The conclusions of the paper are drawn in Sec. V.
II. THE HAMILTONIAN
The Hamiltonian that describes a mobile impurity with rotational degrees of freedom immersed in a bosonic bath is given by:Ĥ
(in what follows we use the units of ≡ 1). Here the first two terms represent the total translational and rotational kinetic energy of the extended impurity with mass M and rotational constant B = 1/(2I), where I is the impurity's moment of inertia. The third term, with k ≡ d 3 k/(2π) 3 , corresponds to the kinetic energy of the bosons parametrised by the dispersion relation, ω(k). The bosonic creation and annihilation operators,b † k andb k , obey the commutation relation FIG. 1. Schematic diagram of a rotating impurity, whose centerof-mass (CM) is located at ρ, interacting with a boson at R. Here (XYZ), (x , y , z ), and (x, y, z) are the laboratory, CM, and body-fixed coordinate frames, respectively. See the text.
[
Finally, the last term is the impuritybath interaction.
In the Bogoliubov approximation [17] , the interaction Hamiltonian can be written aŝ
A very similar Hamiltonian can be obtained for a crystalline solid, by performing an expansion in atomic displacements and keeping only linear terms. In Eq. (7), (k) = k 2 /2m b is the kinetic energy of each atom with the mass m b in the bath, and n is the particle density. Furthermore, exp(−ik ·ρ) is the Fourier-transformed density of an impurity, where the operatorρ ≡ (ρ,θ ρ ,φ ρ ), which is conjugate toP, measures an instantaneous position of the molecule's center-of-mass (CM) frame with respect to the laboratory frame, as schematically illustrated in Fig 1. V(k,θ,φ) is the impurity-boson potential in Fourier space, where the angle operators, (θ,φ), describe the molecular orientation in the CM frame. After we expand the bosonic creation and annihilation operators, the plane wave exp(−ik ·ρ), and V(k,θ,φ) in the spherical basis, we obtain (see Appendix A):
is the spherical Bessel function of the first kind, and Y δ (Ω ρ ) are the spherical harmonics.
The coupling term,
α0,l0 C λµ αγ,lδ , with C λµ αγ,lδ being the Clebsch-Gordan coefficients [30] , couples both the impurity's CM translational motion and its internal rotation to many-particle excitations. U α (k) is the angularmomentum-dependent coupling strength which we define in Eq. (8) below.
The Hamiltonian (1) features both translational and rotational symmetry. Translational symmetry follows from the fact that the total linear momentum of the system,
commutes with the Hamiltonian (1) (this can be seen from Eq. (7) below). In Eq. (4), the second term is the collective linear momentum of the many-particle bath. The total angular momentum of the system, on the other hand, can be written aŝ
whereL T is the corresponding angular momentum of the translational motion stemming from the spherical decomposition of We note, however, that the total angular momentum operator does not commute with the total linear momentum operator, i.e., [Ĵ 2 ,Π] 0 [Ĵ z ,Π]. Therefore, the state of the combined impurity-bath system can be specified either by the eigenvalues ofĤ andΠ or by the eigenvalues ofĤ,Ĵ 2 , andĴ z . For convenience, the state defined by the former set of eigenvalues can be called 'the rotating polaron', while the latter one can be referred to as 'the moving angulon' -the quasiparticle defined through the total angular momentum. By using the translation operator,
the interaction Hamiltonian (3) can be written in a more elegant way asĤ
where
is the angular-momentum-dependent coupling strength. In Eq. (8), V λ (r) is the interaction potential in the angular momentum channel λ defined via the expansion of the corresponding impurity-boson potential in the body-fixed coordinates, V(r) = α V α (r)Y α0 (θ r , φ r ), which is chosen to be rotationally symmetric around the z-axis. In the translated frame, the interaction Hamiltonian between the impurity and the bath depends solely on the molecular orientation and not on the CM coordinate ρ. Therefore, the interaction is a result of the angular momentum transfer in the system. As we discuss below, this corresponds to the angulon Hamiltonian.
A. The angulon limit
The form of the interaction Hamiltonian (7) suggests that the Hamiltonian in the translated frame simply readŝ
Here the first term is the so-called angulon Hamiltonian, which describes a rotating impurity interacting with a bath of bosons [28] :
Recently, it has been demonstrated that impurities whose orbital angular momentum is coupled to a many-particle bath form the so-called 'angulon quasiparticles' [17, 28, 29] . This quasiparticle can be thought of as a non-Abelian counterpart of the polaron [25] , as it represents a quantum rotor dressed by a many-body bosonic field. Moreover it was demonstrated that the predictions of the angulon theory are in good agreement with experiments on molecules embedded in superfluid helium nanodroplets [31] [32] [33] .
The physical meaning of the above decomposition is quite transparent. When M → ∞, one can neglect the center-of-mass motion of a molecule such that the Hamiltonian (9) reduces to the angulon Hamiltonian. Furthermore, the decomposition (9) is very useful for a perturbative analysis of a moving angulon with large mass, which can be described as a rotating impurity whose translational motion is perturbed by the many-particle bath only weakly.
B. The polaron limit
The spherically symmetric part of the angular-momentumdependent coupling, U 0 (k), in fact, defines the coupling between the impurity's CM motion and the many-particle bath. Accordingly, if we define V F (k) through U 0 (k) = V F (k) 2k 2 /π, we can further decompose the transformed Hamiltonian (9) intô
is the Fröhlich polaron Hamiltonian written in the Lee-LowPines (LLP) form [34] . For a structureless spherically symmetric impurity, the taking the limit of B → 0 and U λ 0 (k) → 0 reduces the Hamiltonian (11) to the polaron Hamiltonian (12) . Moreover, for moving impurities whose rotational coupling to the bath is small compared to the translational coupling, one can account for the angular part of the Hamiltonian (11) perturbatively.
III. THE WEAK-COUPLING REGIME

A. The Variational Approach
In what follows, we study the problem non-perturbatively by means of a variational ansatz. Our goal is to investigate the rotating polaron, that is, we consider a quasiparticle labeled by the total linear momentum of the impurity-bath system. This can be done most conveniently in the translated frame, where the total linear momentum operator is simply given byP =T −1ΠT . In this case, we can replace the operatorP in the Hamiltonian (9) with the corresponding eigenvalue, p, which defines the total linear momentum of the impurity-bath system in the laboratory frame. Accordingly, we introduce the following trial wavefunction for the rotating polaron:
which corresponds to the expansion of the quasiparticle state over zero-and one-phonon bath excitations. Therefore, it is supposed to be a good approximation in the weak-coupling regime. The corresponding trial state in the laboratory frame readŝ
Here, the first part of the trial state describes the impurity which is moving with linear momentum p, and rotating with the angular quantum numbers j and m in the absence of phonons. The second term of the trial state (14) corresponds to the impurity + one-phonon state with the total linear momentum p. Since we consider the rotating polaron, and the linear momentum operator does not commute with the angular momentum operator, the total angular momentum of this second term cannot be specified. On the other hand, this angular momentum can be specified in the moving angulon picture (where the linear momentum is, in turn, not defined), see the discussion above. We further note that it is more convenient to describe the moving angulon in the labarotary frame, as the total angular momentum operator in the translated frame,Ĵ =T −1ĴT , is quite involved.
The minimization of the functional Ψ p |Ĥ − E|Ψ p with respect to the variational parameters, g * and α * jm (k), leads to the following expression for the variational energy:
where the self-energy is given by
(16) Here the free quantum numbers, j and m, label the corresponding angular momentum numbers of the impurity, whereas the quantum number p stands for the total linear momentum of the impurity-bath system, as discussed above.
In the iterative solution to Eq. (15), the leading-order term is given by E (1) = p 2 /(2M) + B j( j + 1), and the second-order term reads
, which matches the second order perturbation theory. Therefore, the variational energy (15) goes beyond the perturbative result, and hence corresponds to a resummation over all diagrams describing single-phonon excitations, see Refs. [17, 35] for further details.
The self-energy can be expressed as
where {· · · } is the 6 j symbol [30] , and
We would like to emphasize that in the limit of M → ∞, the coefficient d l0 is given by
such that the self-energy (17) reduces to the angulon selfenergy reported in Ref. [28] . In such a case, the quantum numbers j and m define the angular momentum numbers of the angulon quasiparticle. Similarly, in the other limit given by B → 0 and U λ 0 (k) → 0, the extended impurity shrinks to a structureless spherically symmetric particle, and we obtain
which coincides with the self-energy of the Fröhlich polaron in the weak-coupling regime [25] , also see Ref. [36] for the many-impurity case. In general, the energy (15) is found self-consistently via the poles of the Green's function,
which leads to Eq. (15) . The entire excitation spectrum of the system is captured by the spectral function A jm p = Im G jmp (E + i0 + ) .
B. The Spectrum
For the sake of consistency with other angulon studies, here we adapt the parameters used in Ref. [28] , which reproduce the order of magnitude of the relevant quantities for a molecule immersed in a Bose-Einstein condensate. Namely, we consider a bath with the Bogoliubov dispersion relation, ω(k) = (k)( (k) + 2g bb n) [37] , where g bb = 4πa bb /m b , and we set the boson-boson scattering length to a bb = 3.3/ √ m b B. We choose the impurity-boson interaction as as a function of energy and bath density, for different values of linear momentum. Sharp light features in the figure correspond to long-lived quasiparticle states, while blurred red and purple regions correspond to metastable states with shorter lifetimes. In Fig. 2 (a) we present the angulon case, which is given by p = 0, and the spectrum naturally coincides with that obtained in Ref. [28] . As discussed in Ref. [28] , at the vicinity of metastable states, an angular momentum exchange between the impurity and the bath takes place, which corresponds to the so-called 'angulon instabilities' [33] indicated in Fig. 2 by arrows. In Fig. 2 (b) , we consider the system with the total linear momentum p = 2 √ MBẑ. We find that for the excited states with j = 1, 2, there are two instability regimes. Furthermore, we uncover an instability for the ground state, j = 0, which is absent in the angulon case. From the latter observation, we deduce that the instability arising in the ground state is a consequence of angular momentum exchange between the bath and the translational degree of freedom of the impurity. This further explains two instabilities observed in the excited states: the first one is a consequence of the exchange between the bath and the internal rotational degree of freedom (like in the angulon case), and the second one is a result of coupling between the bath and the impurity's translational degree of freedom. Moreover, if we further increase the linear momentum, the number of instabilities grows as a result of a resonant angular momentum transfer, and at some point they merge into a single broader instability. In Fig. (2) (c) we show the case of p = 10
√
MBẑ, where such a broad instability leads to a break down of the quasiparticle picture for the bath densities of −5
Log[ñ] 1.
IV. THE STRONG COUPLING REGIME AND SELF-LOCALIZATION
A. The Pekar Ansatz
As the next step, we study the regime where the coupling between the impurity and the bath is strong. Such a regime can be approached using a mean-field Pekar-type ansatz [2, 25] . For this purpose, we first rewrite the Hamiltonian (1) in the following form:
where we have used the Cartesian representation of the boson operators,b † k , see Appendix A. Next, we introduce the Pekar ansatz,
where |ϕ I and |ξ B correspond to the impurity wavefunction and the bosonic state, respectively. After taking the expectation value, ϕ I |Ĥ|ϕ I , the resulting effective bosonic Hamiltonian can be diagonalized using the following coherent-state trans-
wherẽ
and Â I ≡ ϕ I |Â|ϕ I . The bosonic state, which minimizes the Pekar energy, is given by |ξ B =Û|0 . Thereby, the respective energy yields:
where the last term corresponds to the deformation energy of the bath in the limit of M → ∞ and B → 0. The ground state energy (26) can also be written in terms of the Pekar energy functional as
For a spherically symmetric impurity, i.e., in the limit of U λ 0 (k) → 0, the potential reduces tõ
which can also be obtained by tracing out the internal angular space,Ũ
This further simplifies toŨ(ρ, ρ ) = α F /( √ 2|ρ − ρ |) for the Fröhlich parameters which are given by a constant dispersion relation, ω(k) = ω 0 , and the coupling strength,
with α F being the Fröhlich particle-phonon coupling constant in units of M = ω 0 = 1 [38] [39] [40] . Moreover, if the impurity is in a definite internal angular momentum state, | jm , i.e., ϕ I (ρ, Ω) ∝ Y jm (Ω), from the Pekar functional (27) we obtain:
which corresponds to an extended/anisotropic Fröhlich impurity. As a model potential, we choose On the other hand, in the angulon limit, M → ∞, the potential readsŨ
with P λ being the Legendre polynomial of degree λ. In fact, Eq. (34) can also be obtained for an impurity localized in the position space, ϕ I (ρ, Ω) ∝ δ(ρ − ρ 0 ), which implies that the angulon is a translationally localized rotating polaron.
B. Self-localization
In general, the impurity wavefunction can be expanded in terms of spherical-wave states as
Minimization of the energy with respect to the coefficients D lm l , jm j (p) identifies the corresponding Pekar energy. Here, as we consider a potential having the rotational symmetry with respect to the z-axis, see Eq. (A2), we restrict the wavefunction to the m l = m j = 0 manifold. Therefore, we set
First of all, in the absence of the internal rotational degrees of freedom, i.e., for j = 0, the Fröhlich polaron has a rotational symmetry in the translational space, and hence the impurity wavefunction can be modeled by the following radial Gaussian function [25] 
with the variational parameter β. This indicates that the corresponding coefficient is given by
and we used the relation
Next, in order to analyze how the internal rotational degrees of freedom affect the translational part of the impurity wavefunction, we consider a simple case where the impurity has a definite rotational angular momentum state, j 0 . Accordingly, we write down the following ansatz, with the variational parameters, β and γ,
The corresponding self-induced potentials due to the internal rotational state can be seen in Fig. 3 . Then, the Pekar energy for the coupling defined in Eq. (33) can be written as
Apart from very small values of the coupling α F (see the discussion below), numerical minimization of Eq. (40) with respect to the parameter γ yields arg min
This further simplifies the Pekar energy to In the absence of internal rotational degrees of freedom, i.e., for j 0 → 0, the Pekar energy corresponds to the standard Fröhlich polaron, ε 0 = −α 2 F /(3π), which is shown in Fig. 4 (a) with the dashed yellow curve. In the same figure, we show the respective Pekar energy in the case of j 0 = 1 by the blue curve. Since the wavefunction is in a definite rotational angular momentum state, the energy at α F = 0 starts at 2B. Its qualitative behavior, however, is similar to the Fröhlich polaron.
As the second ansatz, we consider
with l max being an angular momentum cutoff. If we plot the translational angular variational parameters, t l , which minimize the respective Pekar energy, we observe that they are given by t l ≈ δ l0 for all values of the coupling constant, see Fig. 4 (b). This shows that both approaches, Eqs. (43) and (39), lead to the same wavefunction and the same Pekar energy, Eq. (42). In particular, both variational wavefunctions reveal that although the self-induced potential is distorted from the 1/r shape due to the nonzero internal angular momentum state, the translational part of the wavefunction remains radially symmetric as in the Fröhlich case. Heuristically this is explained as follows: in the Fröhlich case one finds that the optimal value of the variational parameter is given by β = 4α 2 F /(9π). Then, almost the entire Gaussian wavefunction is located within a sphere centred at the origin with a radius 9π/(8α 2 F ) of three times the standard deviation. For large values of α F , the electron is strongly localized and only sees the potential in the near vicinity of the origin. While the self-induced potential from Fig. 3 gets distorted by the internal angular state on a scale of order one, it is still spherically symmetric near the origin. Thus if α F is large and the electron is sharply localized, the shape of its wavefunction does not change since it effectively experiences a radial potential. In contrary, for small values of α F , which is outside of the scope of the Pekar ansatz, the electron wavefunction is more delocalized and is modified by a nonzero value of the parameter γ.
Based on the discussion above, for the most general case, we make an ansatz, D l, j (p) = D l,0 (p) d l, j , such that the radial part of the wavefunction, D l,0 (p), is decoupled from its angular part, d l, j . This suggests us to write a trial wavefunction for the rotating polaron in the form of
with l max , j max being the angular momentum cutoff. The remaining parameters, β and d l, j , with the normalization condition l j |d l, j | 2 = 1, are considered as variational parameters. Using Eq. (44), the Pekar energy for the coupling defined in Eq. (33) can be written as
After minimization of the energy with respect to the parameter β, we find
As a result of this, the Pekar energy reads
Naturally, the limiting case of d l, j = δ l0 δ j0 corresponds to the standard Fröhlich polaron. Now, let us consider the general state (44) with the angular momentum cutoff l max , j max = 3. The resulting energy is shown in Fig. 5 (a) . A very first observation is that after a certain coupling constant, α C ≈ 2.5, the energy sharply decreases. In fact, the derivative of the energy with respect to the coupling constant α F features a discontinuity at the critical coupling strength resulting in a 'kink' in the blue line in Fig. 5 (a) . Such a behavior of the energy corresponds to the phenomenon of a self-localization transition in the vicinity of the kink [1, 41] . The possibility of a self-localization transition was discussed for the first time in the seminal papers of Landau and Pekar [1, 2] , and attracted a lot of theorists' attention in various polaron models after Fröhlich introduced a microscopic model describing polaron [20] . However, whether the transition really exists or arises solely due to the applied approximations is a long-standing and highly debated problem. For example, although several theories predicted the existence of a self-localization transition for the Fröhlich polaron [42] [43] [44] [45] [46] [47] [48] [49] , later it has been shown to be the artefact of the theoretical approach [50] [51] [52] [53] [54] .
For the Fröhlich polaron, at the level of the Pekar approximation, the electron wavefunction is localized at any coupling strength α F . In fact, it has been proven [55] that there exist a unique minimizer (up to translations) for the Pekar energy functional such that there is no self-localization transition at finite α F . However, it was recently shown that an angular self-localization transition takes place in the angulon problem already at the Pekar level [41] .
In order to analyze the observed kink in the energy, in Fig. 5 (b) we plot the variational parameters, d l, j and β, as a function of the coupling constant, α F . First of all, in the vicinity of the critical coupling, the value of β jumps, and after the critical coupling, it swiftly increases. Furthermore, for small values of the coupling constant, α F < α C , the angular variational parameters are given by d l, j ≈ δ l0 δ j0 . This behavior corresponds to the standard Fröhlich polaron. On the other hand, after the critical value, these parameters become d l, j ∝ δ l0 . In other words, while the internal angular states get superposed, the translational angular states with l 0 vanish for all values of α F such that the rotational part of the impurity wavefunction decouples from the rest of it. This suggests that we can consider the following trial wavefunction,
which allows to substantially simplify the variational calculation and to derive a more transparent model. It follows from Eq. (48) that the corresponding Pekar energy in this case is given by
For very small values of the coupling constant, the argument of the minimum value of the Pekar energy yields arg min
Therefore, the minimum value of the energy is given by min r j ε 0 = −α 2 F /(3π), which corresponds to the Fröhlich case, as discussed above. However, for very large values of α F , the argument of the minimum value of the energy reads: arg min
In Fig. 6 (a) , the Pekar energy (50) is shown for the angular momentum cutoff j max = 10, see the blue curve. The behavior of the energy is very similar to the previous case of Fig. 5 (a) . After the critical coupling constant, α C ≈ 2.4, the energy features a kink. Fig. 6 (b) shows the variational parameters, r j and β. As we discuss above, for α F < α C , the rotational internal state is given by r j = δ j0 . For α F > α C , on the other hand, the rotational wavefunction is almost an equal-weight superposition of all angular states, which yields r j ≈ 1/ j max + 1. Therefore, we deduce that the internal rotational motion of the impurity, which is delocalized for α F < α C becomes localized in the space of angles for α F > α C . This result has been previously found in Ref. [41] . It is this localization transition of the internal degree of freedom and the corresponding change in the self-induced potential that causes strongly enhanced self-localization of the translational degree of freedom.
V. CONCLUSIONS
To summarize, we derived a novel Hamiltonian describing linear molecules (or other impurities with a translational and an internal rotational degree of freedom) immersed in a bosonic bath, e.g. liquid Helium or a BEC of cold atoms. While such a Hamiltonian represents a hybrid between the well-established polaron and the recently introduced angulon quasiparticles, we expect it to go beyond just the sum of its parts and to host novel impurity physics.
Here we undertook the first steps in the study of this Hamiltonian by considering the solutions in the weak-and strongcoupling regimes. In weak coupling, we analyzed the spectrum based on a single-phonon variational state describing a rotating impurity with a fixed linear momentum. We found that long-lived quasiparticle states ('rotating polarons') strongly depend on the total linear momentum of the combined impuritybath system. In particular, the instability regions where the quasiparticle picture breaks down become substantially larger with growing linear momentum. The strong-coupling regime has been analyzed using the Pekar-type mean-field ansatz. First, we have demonstrated that, in our parameter regime, the translational part of the rotating polaron is spherically symmetric. This is the case even for higher internal angular momentum states which give rise to a non-spherically symmetric self-induced potential. Then it has been shown that the self-localization transition previously discussed for the angulon [41] , also takes place in the internal rotational degree of freedom of the rotating polaron. Moreover, such rotational localization triggers a transition of enhanced localization in the translational degree of freedom. This reveals that the rotational localization transition, which is probably challenging to detect directly in experiment, can be accessed by measuring the spatial extension of the rotating polaron. Our findings shed the first light on the interesting and rich physics of the rotating polaron, and can be applicable to a variety of systems, from Rydberg atoms [56] to electronic impurities with angular momentum in solids [57, 58] . † k andâ k are the bosonic creation and annihilation operators, respectively. V(q,θ,φ) = F [D(φ,θ, 0)V(r)] is the potential in Fourier space after rotating the body-fixed coordinates into the CM frame by using the Wigner rotation operator D(φ,θ,γ). In order to derive the expression for V(q,θ,φ), we first expand the interaction potential between a molecule and an atom in the molecular body-fixed frame, V(r), over the spherical harmonics as
By using the Wigner rotation matrices, Y α0 (θ r , φ r ) = dr r 2 V α (r) j α (qr) being the spherical Fourier transform of the expansion coefficients V α (r). In Eq. (A4) we have used the plane wave expansion, e −iq·ρ = 4π δ i − j (qρ)Y * δ (θ ρ ,φ ρ )Y δ (θ q , φ q ), and r = r. In the case of a weakly interacting BEC, applying the Bogoliubov approximation to the Hamiltonian (A1) gives: 
and we have used that [30] 
